We compute in the Ginzburg-Landau approximation the gluon Meissner masses for the LarkinOvchinnikov-Fulde-Ferrell (LOFF) phase of QCD with three flavors in the kinematical range where it is energetically favored. We find real Meissner masses and therefore chromomagnetic stability.
I. INTRODUCTION
The attractive interaction between quarks in the color antisymmetric channel leads at high densities and small temperatures to their Cooper pairing, see [1, 2] and for reviews [3, 4] ; in particular, for three flavors at asymptotically high densities, the Color-Flavor-Locking (CFL) phase is the ground state of the theory, characterized by a spinless color-and flavorantisymmetric diquark condensate [5] .
The physically more interesting pre-asymptotic phases, where the mass of the strange quark and the chemical potential differences δµ due to β equilibrium cannot be neglected, are subject of intense study at this moment. Proposals include the 2SC phase [2] , the gapless phases g2SC [6] , and gCFL [7, 8] . Unfortunately the appearance of imaginary gluon Meissner masses (for g2SC see [9] , for gCFL see [10] ) makes the gapless phases instable, and also the 2SC phase shows instability [9] (in [11, 12] possible antidotes to cure the chromo-magnetic instability are discussed).
However, for appropriate values of δµ, quarks may form pairs with non-vanishing total momentum: p 1 + p 2 = 2q = 0, see [13] and for a review [14] , which leads to a LarkinOvchinnikov- Fulde-Ferrell (LOFF) [15] phase. For two flavors it has been shown [16] that the 2SC instability implies that the LOFF phase is energetically favored; however, it is not clear if the neutral LOFF phase can cure the chromomagnetic instability of the two flavor superconductive quark matter [17, 18] .
LOFF with three flavors is however the much more difficult but physically interesting case at intermediate densities. A first study of the problem was carried out in a GinzburgLandau (GL) approximation [19] . It was found that condensation of the pairs u − s and d − u is possible in the form of the inhomogeneous LOFF pairing.
The problem which comes next is then to find out whether such a phase is chromomagnetic stable. This is the subject of the present note. Within the GL expansion we find that this is indeed the case. This result is another indication that the LOFF phase of QCD plays a major role at intermediate hadronic densities. Since these pre-asymptotic densities are probably relevant for the cores of compact stars, a whole field of investigation is opened up, with items ranging from transport properties, cooling processes and the glitches in the pulsar rotational frequency to the possible implications for gravitational radiation during collisions of compact objects and the mechanisms of gamma ray bursts. Besides, given the universality which is peculiar to the phenomena occurring at the Fermi surface, one expects important indications to come from the study of the similar problems with cold fermionic atoms [20] , mainly because of the greater parameter flexibility possible in laboratory experiments.
The plan of the paper is as follows. In section II we discuss the model and review the results of [19] ; in section III we present the computation of the gluon Meissner masses; in section IV we discuss our results and in section V we give our conclusions. The concluding appendix contains some useful formulas.
II. THE THREE FLAVOR LOFF PHASE OF QCD
In the CFL phase of QCD all the eight gluons acquire real Meissner masses, while introducing the strange quark mass and the neutrality constraints (which leads to the gCFL phase) some of these masses become imaginary, which is a signal of instability. In this paper we compute gluon Meissner masses in the three flavor inhomogeneous case (LOFF phase).
We will work in the GL approximation [19] . For a system of two massless (u and d) and one massive (s) quarks the QCD action is:
Here α, β, are color indexes, i, j flavor indexes; M [7, 21] .
We treat the strange quark mass at its leading order, ie by a shift in the strange quark
s /2µ, and we adopt the High Density Effective Theory (HDET) [22] (see [4] and [23] for reviews). HDET uses the fact that, for T → 0 and at weak coupling, the relevant modes of the QCD action are those near the Fermi surface. It is useful therefore to decompose the quark momentum as follows: p = µn + ℓ; µn is the large component (n a unit vector representing the quark Fermi velocity) and ℓ is the small residual momentum that one can take in the direction of n using reparameterization invariance, so that ℓ = ξn. Moreover one introduces velocity dependent fields ψ n and Ψ n corresponding to positive and negative energy solutions of the Dirac equation:
Substituting (2) in (1) and integrating out the negative energy components, one gets in momentum space, at the next-leading-order in 1/µ:
where (ℓ µ )
In the color-flavor and Nambu-Gorkov (NG) basis introduced in [10] the free propagator
whereμ A = (μ ru ,μ gd ,μ bs ,μ rd ,μ gu ,μ rs ,μ bu ,μ gs ,μ bd ). Writing the propagator as in Eq. (4) one doubles the fermion modes, which is compensated by an extra factor 1/2 in momentum integration.
To keep into account quark condensation we add to the QCD action the bilinear quark term
where the gap function is given by [19] 
Eq. (6) corresponds to assume a Fulde-Ferrell ansatz for each inhomogeneous pairing; 2q I represents the momentum of the Cooper pair. The inverse fermion propagator in the superconductive phase becomes
We assume in this paper that global color neutrality is reached with almost vanishing color chemical potentials, µ 3 ≈ µ 8 ≈ 0. This approximation is justified because the phase transition from the superconductive to the normal state is second order (see below), and the color chemical potentials are suppressed by inverse powers of µ. Therefore
where Q is the quark electric-charge matrix.
This formalism was applied in [19] , where a GL expansion of the free energy Ω was performed. We briefly review here the results of this paper. From the ansatz (6) it is clear
that Ω depends on 10 parameters, ie the three gaps, three q's and the electron chemical potential. The energetically favored state must be a global minimum of Ω in the space of ∆'s and q's, and has to be electrically neutral. As a consequence, one has to solve
The electrical neutrality condition leads to the result µ e ≈ M 2 s /(4µ) , which corresponds to a symmetric splitting of the Fermi surfaces of d and s around the u Fermi sphere. As a consequence δµ du = δµ us ≡ δµ and δµ ds = 2δµ. Moreover, for the computation of the gap parameters, it is sufficient to consider the condition ∂Ω/∂q I = 0 at the O(∆ 2 ), which leads to the well known relation q = 1.1997|δµ|. This implies that ∆ 2 = ∆ 3 and q 2 = q 3 , which can be interpreted as the consequence of a symmetric splitting of the Fermi surfaces, and ∆ 1 = 0, due to the larger mismatch among the d and s Fermi surfaces. These results hold in the range (128 − 150) MeV for the parameter M 2 s /µ [19] . For smaller values the LOFF free energy is higher than the gCFL energy; for higher values the normal phase is favored.
For this solution the GL density of free energy reads
where Ω n is the usual normal contribution to the free energy; the explicit formulas for the coefficients can be found in the appendix. The transition to the normal phase at M 2 s /µ ≈ 150 MeV is second order, which justifies the GL expansion.
III. MEISSNER MASSES IN GINZBURG-LANDAU APPROXIMATION
In the effective theory there are two vertices describing the coupling of gluons and quarks.
Either one gluon couples to a quark and an antiquark (three-body vertex, coupling ∼ g) or two quarks couple to two gluons (four-body vertex, coupling ∼ g 2 ). The two vertices come from terms in Eq. (3) with one or two momenta ℓ. At the order of g 2 the four-body coupling gives rise to the contribution g 2 µ 2 /(2π 2 ) identical for all the eight gluons; this result for the LOFF phase is identical to those of the normal or the CFL case (this term is independent of the gap parameters).The three-body coupling gives rise to the polarization tensor:
where the trace is over all the internal indexes; S(x, y) is the quark propagator, and H µ a is the vertex matrix in the HDET formalism which can be read from Eq. (3). The quark propagator S has NG components S ij (i, j = 1, 2), see Eq. (7). At the fourth order in ∆:
where S ij 0 can be read in Eq. (4) The Meissner masses are tensors with spatial components and a nontrivial color structure:
where i, j (a, b) are spatial (adjoint color) indices. We find (19) (the expressions of I, J, K, L, M and N, represented in Fig. 1 , are given in the appendix); moreover the following identities hold:
. Since the mass matrix of the gluons 3 and 8 is not diagonal in the indices of the adjoint representation, one introduces the mass
; the physical masses are the corresponding eigenvalues.
IV. RESULTS
A. The limit cases ∆ 2 = 0 or ∆ 3 = 0
The limit ∆ 2 = 0 is equivalent to the two flavor LOFF phase considered in [16, 17] , with
In this limit we reproduce the results of [17] , confirming that for small gap parameters 
and q c = 1.1997 δµ given by α ′ (q c ) = 0. Finally, as in Eqs. (93) and (94) of [17] ,
In the same way one can treat the limit ∆ 3 = 0: there are 3 massless and 5 massive gluons (with the same masses as before). The massless particles correspond to the generators T 4 , (2) subgroup.
B. The three flavor LOFF case
In the three flavor case, for ∆ 2 = ∆ 3 , we obtain the results shown in Fig. 2 . For the numerical evaluation we have used the results of Ref. [19] for the gap ∆ 2 = ∆ 3 . On the left panel in Fig. 2 we report the longitudinal (ie zz) components of the squared Meissner masses against M From the figure it is clear that for each value of the strange quark mass, the transverse mass of a gluon is smaller than the longitudinal one. This is so because the transverse mass is zero at the O(∆ 2 ) (see the appendix). As a consequence, it gets contribution only from the O(∆ 4 ) and is therefore suppressed as ∆ 2 /δµ 2 in comparison with the longitudinal one.
This behavior is analogous to the two flavor LOFF phase considered in [17] . Moreover, we find that the transverse mass ofÃ 8 , although positive, is almost zero, being three order of magnitude smaller than the other ones.
We conclude therefore that the LOFF phase with three flavors in the Ginzburg-Landau limit has no chromomagnetic instability.
V. DISCUSSION AND CONCLUSIONS
Some final comments are in order. First of all, we have computed the Meissner masses only for the single plane wave see Eq. (6) . However from the two flavor case we know that more complicated crystalline structures have a lower free energy than the FF state and we expect the same to be true in the three flavor case [26] . In the general case one should replace (6) with
where q i I (i = 1, . . . , N) are the momenta which define the LOFF crystal; the geometry of the structure and the number N of plane waves should be determined by minimization of the free energy. Once the optimal structure is found, one should compute the Meissner masses. If this structure contains at least three linearly independent momenta, the Meissner tensor should be positive definite for small values of ∆, since it is additive with respect to different terms of (6) to order ∆ 2 [17] . These considerations suggest that a LOFF crystal can remove the chromo-magnetic instability of the homogeneous superconductive phases of QCD, resulting as the true vacuum of the theory. A second comment is that the results should be extended beyond the GL expansion. Finally, in a recent paper [27] it has been found that, at strong coupling, gapless phases can be magnetic stable, and this direction also needs to be explored.
In conclusion we have computed the gluon Meissner masses in the three flavor LOFF phase of QCD using the High Density Effective Theory and the Ginzburg-Landau approximation.
The use of the GL expansion is justified in the LOFF window, 128 MeV < M 2 s /µ < 150 MeV [19] . In this region we find that all the squared gluon Meissner masses are positive and therefore the LOFF phase of three flavor QCD is free from chromomagnetic instability.
APPENDIX A: DEFINITION OF INTEGRALS
In section III we have introduced the following integrals:
depicted in Fig. 1 . To evaluate these integrals first we perform a Wick rotation p 0 = ip 4 .
The integral in ξ is computed by a contour integration; to evaluate the integral in p 4 we note that the ξ integration introduces the sign factor sign(p 4 ) and the integrands depend only on ip 4 , therefore one can use
the remaining angular integrals are performed trivially. The prescription embodied in Eq.
(A7) follows from the limit T → 0 once one passes from finite to zero temperature.
The integral I ij = I ij (q, δµ) has to be handled with care. In the case of I xx one has
with α given by [19] α(q, δµ) = − 4µ 
using ∂Ω/∂q = 0 at the second order in ∆ 2 one gets
where [19] 
In (A11) the derivative of β 23 is in the variable q 3 , for fixed q 2 ; at the end one puts q 2 = q 3 .
At the lowest non-vanishing order in ∆ 2 one has
The integral in the longitudinal case, I zz , is treated in a similar way,
As a consequence, the integrals I ij give contributions at the second and fourth order in ∆.
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